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JAMJAPY 1984 

MICROSCOPIC STUDY OP THE HI&H-SPIN YEAST 
SPECTRA OP SOm DOimPY EVEN NIJCIEI IN THE 
MASS 60 TO 110 EECION IN A VARIATIONAL 
TRAMEWOEK 


One of the importam: frontiers in nuclear research is 
the extension of our knowledge of the structure of nuclei to 
higher spins. In recent years the in-beam gamma- ray spectros- 
copy following heawy ion induced reactions has provided a 

wealth of experimental data regarding the spectroscopic proper- 

, n ^+. 

ties of the Yrast bands (with J = 16 ) of a large number 

max ° 

of nuclei in the mass range A = 60-110. The increased activity 
on the experimental side has triggered a large number of 
theoretical attempts. Apart from the usual shell model configU’- 
ration mixing calculations which have been carried out for 
some light Ge isotopes, attempts have also been made to elucidate 
the structure of the levels in the Ge, Se and Kr isotopes by 
invoking the collective model as well as by coupling the valence 
particles and the collective excitations. 

The various models, however, have been applied to 
specific nuclei and do not cover completely the doubly even 



XV 


isotopes of G-e , Se, Kr and Sr. Further, arbitrary choices of 
the input parameters as well as the set of approximations 
involved have more often than not resulted in theoretical schemes 
which contradict each other. 

It thus appears worthwhile to have a consistent 
description in the framework of a microscopic model involving 
a reasonably large configuration space in conjunction with 
realistic effective interactions. Further, it seems necessary 
to invoke a calculational procedure which not only permits a 
treatment of the pairing and the defbrmation degrees of freedom 
on the same footing but also allows for the possibility of having 
different intrinsic deformations for the various members of the 
Yrast cascade, ihe latter feature is necessitated by the fact 
that the observed excitation energies of the higher members 
( > 6* ) of the Yrast cascades in a number of doubly even 
isotopes of Ge, Se and Kr display significant deviations from 
the J(J+1)-law. 

A parameter-free , microscopic description of the Yrast 
states in the doubly even Ge, Se, Kr, Sr and Mo isotopes is the 
main theme of the present work; the approach followed here 
satisfies the criteria just mentioned. 

Chapter I presents a survey of the existing experimental 
information. It also contains an overview of the various 
theoretical attempts that have been made in the recent past to 
elucidate the structure of the low-lying levels in the 1^=60-90 


TP rri nn 
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In Chapters II and III we examine the high-spin Yrast 

levels in the nuclei and in 

the framework of the variation-after-projection (VAP) method in 

conjunction with the Hartree-lock-Bogoliubov (HPB) ansatz for 

the trial wave functions. Whereas the HBB form of the wavefunction 

permits a consistent treatment of the pairing and deformation 

effects, the) VAP method helps in selecting the optimum intrinsic 

state for each J by minimizing the relevant projected energy. 

The calculations employ a valence space spanned by the 2p^^2> 

2Pi/2» 1f^/2 awd ’^Sgy'2 The doubly closed nucleus Ni 

is treated as an inert core. The relevant effective two-body 

interaction that we have employed is a renormalized G matrix due 

5 S 

to Kuo which is the sum of j ^3p-1h’ *^2p-2h 

core. We have presented an extensive comparison of the theoretical 
Yrast spectra, static quadrupole moments as well as the inter- 
cascade E2 transition strengths with the available experimental 
results* The overall agreement between the observed and the 
calculated results is reasonably good. The results for the 
calculation of the occupation numbers of the various subshells 
involved in the ground states of the Ge and Se isotopes are also 
presented and compared with the transfer reaction data obtained 
from the studies of (d,p), (d,n), (p,d), and (t,ct,) reactions. 

The study reveals that the observed large deviations from the 
quasi- rot vational behaviour can be related, in most of the cases, 
to a systematic variation of the intrinsic quadrupole deformations 
along the Yrast cascade. 
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A new region of defoonnation has some time ago been 
discovered around mass number A=100; well-developed quasi- 
rotational spectra were observed in several highly neutron- rich 

isotopes (A >100) -of Zr and Mo during a study of the fission 

o 

fragments of ^ Of. Ihe observed B(S 25 0'^-2'*') values were as 
enhanced as in the rare-earth and the actinide regions. 

In Chapter IV we present a first-ever microscopic 
study of the qua si rotational spectra in the isotopes 
in the framework of the VAP method. Here we have employed the 
usual pa iring- plus-quad rupole— quad rupole effective interactions 
operating in a valence space spanned by 'Che 2 p^^ 2 » ^®i/2’ ‘^^3/2* 
2 d^/ 2 j 'lgYy' 2 ’ "'%/2 ^^ 11/2 protons as well as 

for neutrons. Ihe nucleus "^^Sr (H=Z=38) has been considered 
as an inert core. The calculated intrinsic quadrupole moments 
of the HFB states in the isotopes and are 

consistent with the observed deformation systematics. Further, 
the YA£ spectra for the isotopes are in reasonable 

agreement with the experiments. The self-consistent HPB wave- 
functions also explain satisfactorily the available B (B 25 0“^ -«■ 2”^ ) 
values in a number of !To isotopes provided reasonable effective 
charges ( 1 .35 < ep < 1.50, 0.35? < e^_< 0.50) are used. The calcu- 

lation reveals a number of interesting features associated with 
the observed phase transition in the Mo isotopes at A=102. 

The results indicate unambiguously that, in sharp contrast with 
the suggestions made in a number of recent investigations, the 
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onset of large defoimations in the A >100 nuclei in the Zr 

region is not compatible with the usual assumption of an inert 

94 

Sr core. The role of the 1h^^y2 vis-a-vis the occu- 

rrence of large deformations in the heavier Mo isotopes is 


examined . The present work also suggests strongly the interes- 
ting possibility of observing the backbending effect in the 


nuclei 


, 102-106,„ 





CHAPTER I 


IRTROPUGTIOH 


Nuclei around the A JO mass region have attracted 
the attention of a large number of experimental groups in 

1 -IQ 

recent 7ears . Much of the nuclear structure information 
has been obtained through in-beam gamma-rray spectroscopy 
experiments with heavy ions ( A >oc -particle ) . The experiments 
have revealed a large number of highly collective band 
structures of the following types; (i) high-spin yrast bands, 
(ii) one or two even-s-pin , positive- parity bands with 8 as 
band head, (iii) odd- and •even- spin negative-parity bands, 

(iv) A J=1 even-parity bands with 2"^ as band heads, and 

(v) deformed bands built on the excited states. 

20—23 

A large number of theoretical calculations 
involving microscopic as well as phenomenological models 
have recently been attempted to elucidate the structure of 
the low-lying levels in the A <^70 region. The complexity of 
the structure of the levels in this region arises from the 
fact that many protons and neutrons are distributed among 
several subshells without strong closure properties, between 
the well-established magic numbers 28 and 50. The relatively 
large number of valence particles and of possible configurations 
makes exact shell model calculations difficult. Recent the- 
oretical studies have been carried out in the framework of the 



2 


shell model involving truncated configurational spaces, 

Hart re e- Pock (HP) and Hartree-Pock-Bogoliubov (HPB) methods, 
collective phenomenological models, as well as models involving 
coupling of the single-particle and the collective excitations. 

20 

Most of the recent theoretical studies have sought 

to examine the structure of the non-yrast bands and the 

anomalous excited levels. The available high-spin yrast 

spectra (with J = 16 ) have been studied mostly in the 
max ^ 

framework of phenomenological models such as the Interacting 

21-23 

Boson Model further, these models have been applied 

for specific nuclei and do not cover completely the doubly 
even isotopes of Ge , Se, Kr and Sr. 

In Chapters II and III we present a microscopic 

description of the observed high-spin yrast levels in sixteen 

isotopes of Ge , Se, Kr and Sr in the mass range A=68-84. The 

high-spin yrast levels have been studied by selecting intrinsic 

states appropriate for each J by minimizing the expectation 

value of the Hamiltonian with respect to the states of 

definite angular momenta projected from HPB intrinsic states. 

The effective two-body interaction that we have employed 

24 

is a G matrix duo to Kuo which is the sum of ®3p-1h 

56 

and G' 4 .p_ 2 h. core. The calculations employ a 

1/2 

orbits. 


valence space spanned by the 


2P3/2, 


2p 


’ ”'%/2 ''%/2 
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The observed excitation energies of the higher 
members (J > 6^) of the yrast bands in most of the isotopes ' 
of G-e, Se , Kr and Sr display significant deviations from the 
J(J+1)-law. The calculational procedure employed in the 
present work includes the possibility of large structural 
changes along the yrast cascade. The use of the HEB ansatz 
for the trial wavefunctions permits a consistent treatment 
of the pairing and the deformation degrees of freedom. 

The calculations presented in Chapters II and III 
demonstrate that the variation-afte 2 >-( angular momentum) 
projection (VAP) technique, in conjunction with the HEB 
ansatz for the trial wavefunctions, provides a reasonably 
successful microscopic framework for correlating and inter- 
preting the a-vailable data on the yrast energies, intercascade 
E2 transition strengths as well as the subshell occupation 
numbers. 

A new island of large deformations around A=100 has 

25 

sometiffio ago been reported by Oheifetz et al . Well- 
developed yrast spectra were observed in several highly 
neutron-rich isotopes of Zr and Mo. The reduced transition 
probabilities for E2 transitions between the yrast levels were 
as largo as in the rare-earth and the actinide regions. In 
Chapter IV we have studied the observed yrast spectra in the 
isotopes ^00, 102, 104 , framework of the VAP 

prescription. We have employed the usual pairing- plus- 
quadrupole-quadrupole interaction operating in a valence space 



spanned by the 3s 2d^/2’ ^^5/2’ ”'^7/2’ ''%/2 

'lh ^^/2 orbits for protons as well as neutrons. The calcula- 
tions^^ bring out the role of the 1 h ^^^2 orbit vis-a-vis the 
observed dramatic onset of large deformations at A=100. 
further, our VAP study of the yrast spectra suggests strongly 
the possibility of observing the backbending phenomenon in 

Finally, in Chapter V we summarize the results obtained 
in, and wisdom gained from Chapters II, III and IV. 
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HIGH-SPII^ YEAST SPECTRA lU DOUBLY EVEN GEBMAI^IUM 
AHD SSLBMIPM ISOTOPBS 


II. 1 latroduction 

The high-spin yrast spectra (with = 16"^) in doubly 

even Ge and Se isotopes have been the subject of a large number 

1-9 

of recent experimental studies involving in^beam gamma-ray 
spectroscopy. 

The increased activiiy on the experimental side has 
triggered a large number of theoretical studies which have 

TT H” 

attempted a description of mostly the lov-lying (J £ 6 ) levels 

in Ge and Se. These studies have been carried out in the frame- 

10 

work of the usual shell model involving restricted configurar- 

tion mixing, self-consistent Hartree-Pock (HP) and Hartree- 

1 1 

Pock-Bogoliubov (HPB) methods employing the Skyrme-3 as well 

12 1314 

as the Gogny effective interactions , collective models ' 
as well as models involving an interweaving of the single- 

ic;— *17 

particle and the collective modes , Most of these investi- 

gations have sought to examine the structure of the anomalous 

excited 0 levels in doubly even Ge and Se isotopes. These 

i p 

calculations have been recently reviewed by Yergnes . 

In contrast to the large-scale effort that has been 
made to elucidate the structure of the low-lying states in the 
Ge and Se isotopes, only a few calculations ’ • 


and these 


8 


involve phenomenological models such as the Interacting Boson 
Model (IBM) - presently exist as far as the yrast levels with 
J are concerned. Further, these studies have been 

carried out for specific nuclei and do not cover completely 
the even-even isotopes of Ge and Se. A lack of microscopic 
descriptions involving the same calculational framework for 
various nuclei has prevented a clear understanding of the high- 
spin members of the yrast bands. 


The available data on the high-spin yrast states in 
the nuclei 68, 70, 72, 74^^ 72,74 ,76 ,78^^ g^ggests certain 

requirements that a consistent microscopic description of these 
isotopes must satisfy. 


An important feature that characterizes the available 


data on Ge and Se isotopes is the indication concerning shape 

transition at 1=40. A comparison of the (p,t) and (t,p) 

reactions on Ge isotopes (with 1=36-40) by Vergnes et al . 

suggests dramatic structural changes around 1=40. This is 

also supported by a measurement of the ratio [B(E2,4'^ •* 2"^)/ 

B(E2, 2 -* 0 ) ] by Lecomte et al . * 5 the ratio increases 

70 7 ? 

sharply in going from Ge to Ge. Since the onset of 


deformation at 1=40 is expected to result from an excitation 
of nucleon pairs from 2]>-1f lilsson orbitals to 
orbitals, it seems essential to invoke a calculational 
procedure which permits an interplay of the pairing and the 
deformation effects. 
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The observed excitation energies of the high-spin yrast 
levels in a number of doubly even G-e and Se isotopes show signi- 
ficant deviation from the J(J+1)-law, Thus the observed^ yrast 
71 + 72 

levels (with = 14 ) in Se can be described reasonably 

rilciJv 

well-with an average energy deviation of 29 keV-by the expression 

(Sj - = (-*^21) J(J+1) + a (J+1)^, where (11^21) = 36.8 

7 22 

+ 0,2 keV and a = -37+ 1 e¥. The yrast spectrum ’ (with 

= IS"*") in '^^Se translates into an curve that shows a 

mctJi 

break at J^= 10^. In view of these features, it seems essential 
to incorporate in the microscopic description the possibilily 
of having different intrinsic states for various members of 
the yrast cascade. 

The parameter-free microscopic description of the 
yrast levels in the nuclei and 

presented in this Chapter satisfies the criteria just mentioned. 

We have examined the high-spin yrast levels in the framework 

of the variation-after- projection (VIP) technique in conjunction 

23 

with the Hartree-Pock-Bogoliubov (HPB) ansatz for the trial 
vjave functions. Whereas the HPB form of the wavefunction permits 
a consistent treatment of the pairing and deformation degrees 
of freedom on the same footing, the VAP procedure helps in 
selecting an appropriate intrinsic state for each J through a 
minimization of the expectation value of the Hamiltonian with 
respect to the states of good angular momenta. 

In section 11,2 we present the calculational firamework. 
Section 11,3 contains an extensive comparison of the calculated 
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yrast spectra, static quadrupole moments as -well as the 
intercascade E2 transition strengths with the available experi- 
mental results. The results for the calculation of sub-shell 
occupation numbers associated with the ground states of the 

Ge and Se isotopes are also presented and compared with the 

24 

experimental values obtained by Eotbard et al . It turns out that 
the observed large departures of the yrast energies as well 
as S2 transition strengths from the predictions based on the 
rotational model can be related, in most of the cases, to a 
systematic variation of the quadrupole deformation of the 
intrinsic sta-tes along the yrast cascade, finally, section 11,4 
contains some concluding remarks. 


II. 2 Galculational framework 

II. 2.1 The Hartree-Fock-Bogoliubov (HEB) Method 

Consider the shell model Hamiltonian of the nucleus 
under consideration 


t 

H = 2<aie ia> + 


(1/4) S < 


1 V. I Tfi > 


t t 

(II. 1) 


where are the spherical single- particle energies and 
< a/L |V^ 1 ^5 > is the antisymmetrized matrix element of an effective 
interaction. Here (Gq.) is the creation (annihilation) 
operator in the spherical basis 1Q^> . We wish to obtain a 

transformation from particle coordinates to quasiparticle 
coordinates such that the quasdparticles are relatively weakly 
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interacting; 


H 




H 


qp-int 


(II. 2) 


where is the energy of the quasiparticle vacuum, H^p describes 
the elementary quasiparticle excitations, and is a 

(hopefully) weak interaction between the quasiparticles. 

The Hamiltonian (3^ + in general, preser-ve 

all the symmetries of H. In H3B one imposes constraints via 
the use of lagrange multipliers such that some of the observables 
possess desired expectation values. More specifically, we have 

h' = H - % (II. 3) 

where the Lagrange multipliers are chosen so that the number 

operators = E CQ,^|.and = S Cq-^^ possess the 

a a 

expectation values 


<$ollVl^o>= Z,< 1 1 A-Z (II. 4) 

In the HFB theory one considers the general Bogoliubov 
trans formation 





+ 




(II. 5) 


HercJ U and V are FxF complex matrices in a basis spanned by F 
single- particle states. The 2Hx2F linear transformation 



(II. 6) 
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is unitar 7 . Writing 


fu V 'j 

* * 

V u j 


(II. 7) 


the unitarii^y conditions 


t t 

= M M = I lead to the relations 


uu' + W =UU + VV =I|UV+W = UV 4 -VU =0, 


(II. 8) 


-Ipro ^ 

where U^U and U deixite, respectively, the adjoint, transpose 
and the complex conjugate of the operator U. Since M ^ = M^, 
we can invert the relations (11.5): 


J- 


t 


Ca - I (U^a '1/S + "^/Sa 
The quasiparticle vacuum is defined through the condition 


(II. 9) 


$ > = 0 (all cO 


■■a ‘ 

Thus a solution to above equation is 


( 11 . 10 ) 


f ^ > = (normalization) . n q 1 0 > 

oc 


a 


( 11 . 11 ) 


where 1 0 > is the particle vacuum. 


2 3 

Derivation of the HI'S equations by the "equations-of-motion” method 

The density matrix p and the pairing tensor t are 
defined in terms of the expectation values of the operators G^Gcc 
and G^Ojj respectively, with respect to the quasiparticle vacuum 
given by equation (11.10); 
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ajb 






'a/3 


= <^„l 


C^G 


a 


«o=- 


(11.12) 


Prom the anticomrautation relations for Cq,’s, it follows that P 

is Hermitian and t is antisymmetric.' One can easily evaluate P 

- 1 

and t by using M to con-vert C's into q’ s, in conjunction with 
the condition (II. 10). Thus we have 


= <«oiq V il* 


E E 
r 6 


VpV«ra= ^ T6 /sV= 


Here we ha^ve used the anticommutation relations 

['ll’ V] = '5af>['l+ , 4b Cv ° • 

In a similar manner we can show that 


t = Y^V (II. U) 

As a next step, we apply Wick’s theorem to replace the products 

! 

of operators appearing in H by the sum of normal products 
containing all possible contractions. (A normal product 

t t + 

i 0^ Og Ojj : of particle operators is obtained by first writing 

these operators in terms of q ’s and q's, and then ordering them 
so that the creation operators are to the left of the annihilation 
operators. A sign (-1)^ is included where p is the number of 
peimutations to go from the original to normal ordering sequence). 
We then obtain 
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h’ = h' + + h' 


(II. 15) 


where involves n uncontracted operators; 


H 


tr[(e ^v+ -^r) p+ I At"^ ] (11.16) 


t 


^2 ~'^Ti ^tT^v 


Cu/i 

a jS ° ^ 

(11.17) 

h' = (1/4) 2 <a^iV^ir6> -‘C’^G^^O^O^: (II. 18) 

a^ra 




Here the HP Hamiltonian h, the HP potential P , and the pair 
potential A are given as 


h =e+P5P.= E <ar I 7. 1 /5a > P_„ 
afi ra 


1 


a is 


E < a/B IV ira > t 


r 6 


A 


ra 


(11.19) 

(11.20) 


Prom the Hermiticity of p and the antisymmetric nature of t, 
one can immediately deduce that P is Hermitian and A is 
antisymmetric by invoking the p2?op,erties of < I V^l >: 

< a/s 1 v^i ra> = - < 15 a i i ra > 5 <ocr 1 I / 3 a > = <^6 I v^l «'>'> 

The expectation values <$ | : ctj^Og. . . 0 ^ : 1$> vanish 

by construction. Thus 

IH 1 tr [(e-X„Er^-XyHy+ |r)P+ I At"^ (11.21) 

Now assuming an "independent quasi particle" form for the part 


Hg we can write 


H, 


S E n"^ q 


a 


( 11 . 22 ) 
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Equation (11.22) leads to the commutator 


[H, 






"a" 




■a 4cc 


'a 


(U 0”^+ 
a{3 ^ 


VC) 

ap jS 


(11.23) 


On the other hand the use of the equation (11.17) results in 
the expression: 


[H 2 , ^ ’^./Sr^ocr y]®/5 

’ (11.24) 

t 

Equating the coefficients of and we obtain the general 
HEB equations; 


I * 


/• t 

h A 


I -A* -h'* 



i ' 





= E. 


y ! 

■ V. 

'' 1 •' 

JL 

V. 

^ 1 ^ 


, h = h 

(11.25) 


where if. = (U-^, U.^, U.^,). 


Time- reversal Symmetry 

In our calculations we have divided all the basis 

states in the configuration space spanned by the orbits If^yg* 

^P3/2^ 2 P'i /2 ^^ 9/2 sets. The first set contains 

the states lk>, which are restricted to have (m - 1/2) equal 

to an even integer. The second set contains the time-reversed 
— 1 

states Ik >= Tlk>> which have (m - ■^) = odd integer. The 
phase convention is Tlnijni>= (-1)^‘''3'"“ Inl j-m>. The first 


set is 
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[ (^§9/2, 9/2^’ ^^%/2,5/2» '''^5/2,5/2^’‘^''%/2,l/2’'^%/2,l/2’ 

2^3/2, 1/2’ ^^1/2, 1/2 

^''%/2,-3/2’ ^%/2,-3/2’ ^%/2,-3/2^ ^ ^9/2,- 7/2 ] 

For quasiparticle operators 

/ = I 4 + VS’ 

i = S (V'^S^afCp (11.27) 

a jB ^ J3 

we notice that p can not connect lk> and I Ic > . Further 
the only nonzero elements of t connect the states lk> to the 
states lk>. Since the interaction V conserves the magnetic 
projections, the potentials (r>A) are partitioned in the 
same manner as the densities (p, t). 

Thus , 

'P, 0 " fO t ' fh 0 1 !0 h 

p = ^ ^ = I V = / ’* = 

j^o f ‘2 > ^2 h 

(11.28) 

where P and h are Hermitian. Since t and A are hy definition 

CO 

ant isyinme trie, t 2 = “■ "t-j and Ag = " • 

Substitution of (11,28) into (11.25) reveals that the 
energy matrix is also partitioned into two blocks and that 
the foms (11.26), (11.27) of the wave- functions is retained. 

We have imposed time- reversal symmetry by requiring that 



fh 

0 ' 


/ % 
0 

h = 

1 


, A = 

/ 

.0 

^2 ^ 


0- 


— t and *^2 — ^ ^ ^1 * 


= 

a 


T qj T" ^ 


(11.29) 
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* 


so that . (11.30) 

The quasiparticle vacuum is now time- reversal invariant and 


^2 “ ^1 ’ 


hg ~ j I''! ■" I'-j » ~ ^ 


1 


( 11 . 31 ) 


Therefore only the block of the energy matrix that is related to 
(11.26) is diagonalized. 


Canonical representation for time- re T^ers ally symmetric HFB 
wave- functions (Block-Messiah Theorem) 


zation of 
The re fore 
Consider 


A 


We next consider the question of simultaneous diagonal!- 
P and t. We have just seen that these are Hermitian, 
we have to check their commutator. 


11 

'^1 

i ’ 

Bh 

Ca 






( 11 . 32 ) 


Then 



( 11 . 33 ) 


We can now define the generalized quasiparticle density matrix 
Q: 


*0> 4^a%> 


( 11 . 34 ) 


a. -j- 4- a. 

Since <q' q^> = <q' qc>= < 1 q.p>=0><Q "we have 


Q = 


0 0 ' 
lO U 


( 11 . 35 ) 


The generalized particle density matrix is defined as 
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R < 5 ^ 

ajS 




(11.36) 


Using the definitions (11,12) "we get 


R = 


(11.37) 


Inves-ting relation (11.33) we find that R and Q are related by 
a unitary transformation: 


2 2 

Since Q = Q, we hawe R = R. The latter relation yields 


2 t 

p - = t t 


( 11 . 38 ) 


P t = t P 


(11.39) 


Thus P^t^ = t^P^, and this ensures that and t^ can be 
diagonalized simultaneously. One can therefore have a basis 


spanned by [ I k^>, Ik2> 


ik.>, lkp> ] such that 


p and t have the canonical forms shown below; 


P^ 0 


0 P-i 

1 i 


■"11 0 I 


I '°2 ■ ® 


! 0 ^2, 


Here l k > = I 0 > and 


t = j 


' 0 t — ' 
! ^ ^221 


■''*^22 ^ 


“j(II.40) 

j- 


a ’ 


2 D. 


a 


(11.41) 
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Denoting the (real) eigen-values of Hermitian and t^ by 
and t ^^ respectively,w« obt-ain . from the relation (11.37) 


kk 

Setting p, = (U^ + =1 ) ve get t _ 

kk 


[ Pv (1 -Pv) ] 


1/2 


Uk\ 


(11.42) 

(11.43) 


Recalling the definitions (11.12) -we see that the quasiparticle 
■vacuum can be expressed as 


So>= + 

k 


,t + 


(11.44) 


Approximations employed in the present calculations 

In-verting the special quasiparticle transformation 
+ *4* 

K K K 

and substituting in (11.17) we get 


H 2 - Hii + S ^ ^^11 ^kk' '^k ^k' 


H 
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E 

kk 


kk 


' ^^^20 Vk' ^ ^ ^ ^^20^kk* '^k* ^k^ (11.46) 


I 

As pointed out earlier, H^q acquires the form (11.22) when 


H 


2 q = 0 and is diagonal. IfJhereas the conduction (HgQ) _ 


0 


t kk 

leads to the BCS equations, the requirements (HgQ) « = 0, 


kk 


(H^l)kki = 0 (k/k’ ) lead to '’Hi^-like” equations pro-vlded 
h^^, = 0 and = 0 (k/k'). "We have made the latter 
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approximation, viz. A ^- , = 0. The expansion coefficients 

appearing in (11.41) have been obtained by diagonalizing in 

the spherical basis the HI'-like potential h' #iich includes 

2 

the appropriate density 


‘'afi = <“ I ^ ,? < ak IV . I f k > < 


nn V > k 


'11.47) 


The occupation probabilities are obtained by solving the 
BOS equations: 


A _ 

kk 


S < kk IV, I k' k > U , V , 
k' k k 


(11.48) 


The calculation involves iteration between equations 
(11.47) and (11.48) until a reasonable convergence is achieved 

in terms of both the expansion coefficients q, as well as 

2 ’ 

the occupation probabilities V^^. Denoting by 0^^ the eigenvalues 
of (11.47), it turns out that the condition = 0 yields 


2«k Uk \ 


(U^ - v2) = 0 


(11.49) 


The above equation leads to the following non-trivial implicit 
solutions of (11.47) and (11.48) (here = 1 ) 


"k 

-p - ’ n- 1 

+ ^kk) 


-] v^ 

f k 


1 [1 _ — i_] 


( 11 . 50 ) 


Using (11,50) in (11.48) one gets 
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A 

k5 


The condition 2r 

k 


2 k 


^k-k' 


2 <kklvj k- (11.51) 


k'k' 


X 


k,nA= 


e. 


[1 - r-o--— = N 
71/^ '^+^) 

(11.52) 


II. 2. 2 Projection of states of good angular momentum from 
the HPB intrinsic states 

Restricting ourselves to axially symmetric intrinsic 
states l§o^» can label the states lk> by the expectation 

A 

values of the operator The state given by equation 

(11.44) can thus be rewritten as 


> = ^ (U. + V. a’!’ a"*” ) io> 

^ im im im ^ 
im im 


(11.53) 


Hex'S ’i' labels the different orbitals with the same < 32 ^= 
The creation operators at^ can be rewritten as 


i = E D. „ ; a"^ = E (-1 D. c 

im Q. imjtt am ’ '' ' xmfii a ,-m 


(11.54) 

Here a labels the spherical sin^e-particle orbits 2pjy2> 

1f^^2 ^S9/2* 

The wavefunction (11.53) can be recast into the form 


So> = 


(11.55) 
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with 

f ^ = r . D. . (V.„ / X!.„) 6„ „ (11.56) 

Here H is a normalization constant. 


Employing the shell model Hamiltonian (11,1 ) with <aieia> = e 


a 


we can write the energy of a state with angular momentum J as 




= foo' I 5o > 

TT 5-r 

= ( i ti (e) d^Ce) Sin9d9)/(4 n(e) d^(0)Sin0dQ) 


(11.57) 

The intensities of the various angular momenta contained in 
the intrinsic wave function are given by 


sS = i (2J+1)/‘ n(0) d"^ (0) Sin 0 d0 

0 dL O 00 


(11.58) 


The overlap integrals h(0) and n(0) are given by 


h(0) = n(0) [ E e(M/(1+M)) + (1/4) r <a^\Y. ir6>. 

a a aa a 

{2(M/(1+M))^^(M/(1+M))^^+ E d/l+M) (l/(l+M)^^ /^}](II.59) 
n(0) = [det (1 + M(0))]^/^ (11.60) 


Here . 






dm' 4m' («) fj m' 

c a p p a a 




m’ 


M = E f 


4 - 


(11.62) 
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Employing the angular momentum projected vavefunc tions iw£> = 
Pj,- l§o> oil® oan write 


llJ r 

K 


- 1/2 


o m'-' 


Sote) “(e) 


'^u («)) Sine de (11.63) 

3 ^ 

The static quadrupole moments as well as the E2 transition matrix 
elements, B(E2, -*■ J^), can easily be obtained by using the 

aboTre relation. Here b is the oscillator length parameter 

^ jd ~ ( q) • The matrix p appearing 

in equation (11.63) is defined as 


P = M/(1+M) (11.64) 

T 

Further, the normalization n are gi-ven as 

n^ = j- n(Q) d^(G) Sin© d© (11.65) 

o ^ 

The method of performing the projection calculation is as 
follows. Employing, the HEB wavefunctions we first set up 
the f matrix. Then E, M and l/(1+M) are evaluated for twenty 
values of the Gaussian quadrature points between the range 
(0 ,tt/ 2). (The axial symmetry of the intrinsic state permits 
us to change the integration limits from (0,7 t) to (0,7r/2)). 

The projected energies are calculated using the equations 
(II.58)-(II.62). 
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II. 2.3 The ''Variation-after-angular momentum projection" 

(YAP) Prescrip-tiori for the High-spin Yrast Spectra 

The YAP calculations have been carried out by employing 

the following procedure. We first generate self-consistent 

HPB solutions, by carrying out HPB calculations with the 

2 

Hamiltonian (H - ^Q^). The optimum intrinsic state for each 
yrast level, then selected by^ finding out the 

minimum of the projected energy Ej(i5) . (= <§ (/S)l H 1 5 (B) > / 
<^(^) 1 5(^)>) as a function of ^ . Stated differently, the 

intrinsic state for each J satisfies the following condition. 

6[<0(i2)lH P^ 1 5(/5)>/< iP^lj? (B) >] =0 (11.66) 


^lec trie quadr upole transition matrix element for the yrast states 

The matrix elements of the quadrupole operator between 
the yrast states belonging to different intrinsic states can 
be given as 

J' 


J ,, , 2 T T t' ! -1/2 71/2 J 2 J 

<Sk (e’)lQo >=[”■ (<5) Y (/i )] / S[ ]dJ 

o h-h h 0 


(e) 


n (^,/b',e)b^[ S ^' ,©) ] Sine 

T-cefi '^3 


de 

(11,67) 


where 


= J-o"[aet (i+p(/i,«) ^0,6)) 


d© 


( 11 , 68 ) 
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= [det (1 + FO, ©) ,0))]'*/^ (11.69) 

and 

”^5 » t I '’'■2 

p Q) = (M(f.,is',©)/(l+M(/3, ^',e)) f (11.70) 

ap 

with 

M(/b, /.',©) = F()P , 0) /(£J',©) (11.71) 

Suhshell occupation numbers in the yrast states 

The sub-shell occupation numbers (h^) in a given yrast 
state J a 2 ?e simply the expectation values of the operator 
(^ j +;} ^jm^ with respect to the angular momentum projected 
wave functions. We have 

•r,. (3=1/2,372,5/2,9/2) = I { 0.^) ,*„>/ 

<Sol 

= (/q P(«)h^^(e)Sia9d0)/ 

( /^ n(0) d'^Q(©) Sin9d0 

(11.72) 

where 

P(e) = p(e) [ UI.73) 
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II. 2 . 4 The input parameters of the calculation 

In the calculations presented here we have employed the 
valence space spanned by the 2p^^2’ ^^^ 2 ’ ^^ 5/2 ^®9/2 

orbits. The doubly closed nucleus is treated as an inert 

core. The relevant effective two-body interaction that we 
have employed is a renormalized G ma-^^rix due to Kuo^^ which 
is the sum of , Sp-1h ^2p-2h 

Appendix A). The single— particle energies we have taken are 
(in MeV) ; e (2P3/2) = 0-0, e s(2p^^2) = 

and e(1gg^2) = 3.50 for the Ge isotopes. In our calculations 
for the Se isotopes we have taken e ( 1 ggy2) = 3.25. 

The effective interaction employed here has recently^^ 

provided a satisfactory explanation of the observed anomalous 

60 

high spin sequence in Ni in the framework of exact shell 

model calculations. This interaction has also been employed 

in the recent theoretical studies of electromagnetic properties 

of the yrast and yrare states in Zn, Ge, Se and Kr isotopes by 

27 

Ahalpara and Bhatt 


II . 3 Results and Discussion 
II. 5.1 Intrinsic states 


In Table II. 1 we present the quadrupole moments of 
the optimum intrinsic states associated with the yrast states in 
the nuclei 72,74,76 ,78g^^ results have 

also been displayed graphically in Figure II. 1. 
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TABLE II. 1 

2 

Quadrupole def ormations,< 

optimum iatrinsic states associated with the yrast levels in 

the molel 68, 70, 72, 74^^ 72,74 ,76 ,78g^_ , ^2 

o max 

gives the maximum possible value of the intrinsic quadrupole 
momeat for each isotope 


Nucleus 


(p.t) iq:i ( 16 , )> 


<Q > 

^o max 
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We first discuss the results for the moments of 

the intrinsic states associated with the ground states. It is 

68 

seen that, with the nucleus &e as the sole exception, the 
<Q^ > -values in the remaining nuclei are nearly 80 percent of 


the 


ir maximum possible values for the ( 2 p^^ 2 ’ 


68 , 


configuration space. For the nucleus Ge, however, the 

calculated intrinsic deformation for the ground state is only 

about 65 percent. As expected, the intrinsic deformations first 

register an increase with the mass number. The decrease in the 
2 

<Qq > values for the ground states in heavy nuclei is just a 
signature of the approaching shell closure at 11=50. 


We next discuss the variation of the quadrupole 
moments of the optimum intrinsic states along the yrast sequence 
in various isotopes. We find that the intrinsic deformations 
for the levels with J >6 are considerably larger than the 
values associated with the states wi+h J^= 0‘^,2’^,4’^ in the 
nuclei and In the nucleus ^®Ge, for example, 

the intrinsic deformation changes by as much as 32 percent 
between O'*’ and 14**". As mentioned in the Introduction, 
a number of observed features in the Ge and Se isotopes suggest 
strong deviations from the predictions based on the rotational 
model. The results obtained here, which indicate rather large 
variation of the intrinsic deformations along the yrast cascade, 
provide a qualitative understanding of the observed features. 
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II. 3. 2 Yrast levels 

1-5 

In Figure II.2 we have presented the observed as 
veil as the theoretical yrast spectra resulting from the VAP 
prescription. Ihe yrast spectra obtained by carrying out 
angular momentum projection on the mi nimumr- energy HPB intrinsic 
states have also been presented in the column labelled PHFB, 

In the calculated yrast spectra, the J=2 states have 
been aligned with their observed position in all cases to 
facilitate a comparison of the results with the observed one. 

Axi interesting feature of the computed spectra that we notice 
here is the following. Whereas the present calculational 
framework predicts the observed positions of the yrast levels 
with 2<J <10 reasonably accurately relative to those of the 
states with J=2, one finds discrepancies in the position of 
the calculated J=0 level. This discrepancy is seen to be 
maximum in the case of the nucleus Ge . The inadequacy of 
the present method to reproduce the position of the J=0 relative 
to the remaining part of the yrast spectra may be either due 
to the noninclusion of the J=0 configurations, 

or due to a mixing of the J=0 state projected from deformed 
HPB state with additional J=0 states arising within (2pj^2’ 
2Py2’ ^%/2’ configuration space. 

Wo find that the VAP prescription leads to dramatic 

68,70„ 

improvements over the PHPB results in the nuclei Ge; 

the results are particularly striking in the latter nucleus. 




. 2 Calculated and experimentai yrast levels in ,74^^ 
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'The VAP prescription, however, underestimates the energies 

^ O 

of the levels with J=12,14 in Ge by about 0.75 MeY and 

72 74 - 

1,5 MeV respectively. In the nuclei ’ Ge we find that the 
yrast energies obtained via the PHPB prescription are practi- 
cally unchanged when we invoke the VAP degree of freedom. This 
is not particularly surprising since the results presented in 
the preceding section have indicated relatively small variation 
of the quadrupole deformation of the optimum intrinsic states 
associated with the yrast levels in these isotopes. 

The results for the calculated PHEB as well as VAP 

yrast spectra in the nuclei ”^2,74 ,76 ,78gp^ presented in 

6-9 

Figure II. 3 together with the observed ones. An alignment 

of the calculated J=2 states with their experimentally observed 

positions again reveals a systematically decreasing discrepancy 

so far as the position of the calculated Jp^O states are 

28 

concerned. Hamiltcsn et al . have sometime ago pointed out 

+ + 72 

that the anomalous 2 -0 separation in the nucleus Se can 

be satisfactorily reconciled with the quasirotational 

nature of the observed high-spin yrast spectrum in terms of 

the coexistence of deformed and nearly- spherical J=0 states. 

In view of the results obtained here, it appears that this 

feature of coexistence of two J=0 states, one with a deformed 

and the other with a spherical parentage, may be a general 

characteristic of the low-lying energy levels in the A=70-80 

mass region. 






Fig. II. 3 Calculated and experimental yrast levels in 
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We find that the VAP prescription leads to a 

dramatic improvement over the HilTO energies in all the Se 

isotopes considered here; unlike the PHPB yrast spectra, 

the VAP spectra displa^y good qualitative agreement ■with 

the axporinents. The success of the YAP method in explaining 

72 74 

the observed yrast energies in the nuclei ’ Se is parti- 
cularly striking. 

The present calculation precludes the onset of non- 
axial deformations. Therefore, our results indicate that 
the observed deviations of the yrast energies from the 
J(J+1)-law arise largely from the softness of these nuclei 
towards an increase in the axial deformations along the 
yrast sequence. 


II. 3. 3 Electromagnetic Properties 


We now move on to a discussion of the electro- 
magnetic properties of the yrast levels in the nuclei 
68,70,72,74^g and '^^,74 ,76 ,78^^^ Tables II.2-II.9 we 

ha've presented the results for the reduced transition 
probabilities for the intercascade B2 transitions. We have 
also calculated here the static quadrupole moments for the 
yrast states. 

The experimental J^) values have been 

extracted from the measured half-lives using the relation: 
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The results for the nucleus 
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The results for the nucleus 
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B(S2,Jf - J. )(e^fm^) = -P (11.74) 

S (r) (MeV)T(J^)(p sec) 

where E(r) represents the transition energy ,t(J^) is the 
meanlife and = J^+2, The calculated as well as the 
observed^’ ^ values in the nuclei ^^Ge, have 

been presented graphically in Figures II .4-11.7. We have also 
shown in the Figures the ’’rigid rotor” values for the transition 
probabilities; these values have been ceilculated with the 
relations; 

[B(E2,J . J. ) 1 . , = ( 5 /l 6 Tr) 

^ ^ ’ f -‘rigid rotor ^ ' 

(11.75) 

6R 70 7? 74 

We first discuss the results for the nuclei ’ ’ ’ ^Ge. 

From the results presented in Figure 11,4 it becomes obvious 
that the experimental data suggest a deviation fromi the rigid 
rotor values in the direction predicted by our VAP calculations. 
The C;'iLculated B(S2, 2^ ■* 6^) values in the nuclei "^^Ge 

are seen to lie within 15 percent of the experimental 
values'^^’^^^^ provided one chooses (ep>®n) = (''•5, 0.5), 

(1.6, 0,6) and (1.7, 0.7) respectively. The slight enhance- 
ment in the values of effective charges, as one approaches 
74 

Ge, is not entirely unexpected. The involvement of the 
^^Wi core, an effect which is mocked up by choosing effective 
charges, is expected to increase in heavier - and more 


2 Jj 

/ ^ 2 \ 2 

p 0 oj ^^^o^HFB'^ 


deformed - isotopes. 


We next discuss the B(E2, values in the nuclei 


72,74,76,78 


,76,78gg^ ^ large number of experimental groups have, in 




Fig.n.4 Comparison of the observed B(E2) values in ^®Ge witii tNz predtetiens 
of the VAP model (solid line) and the rigid rotor values (dashed line)- 




TABLE II. 6 

B(ji2j J^) and Q(Jj^) values in the nucleus 
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the recent years, carried out measurements of the mean-lives 

of the yrast levels using the recoil-distance (RD) and/or 

the Doppler^ shift attenuation (DSA) techniques. As shown in 

Figure II. 5, the experimental estimates for the reduced transi- 

tion probabilities in the nucleus Se display considerable 

scatter around their average values. However, it iS. seen 

that, in contrast with the results obtained in earlier projected 

HE calculation^^, the VAP estimates for higher yrast, states 

are not inconsistent with the available data. Due to large 

error bars (see Figures 11,6 and II. 7) associated with the 

74,76- 

available reduced transition probabilities in the nuclei Se, 

Y8 

and the non-availability of the results in the nucleus Se, 
it is difficult to assess the YAP results in these nuclei. 

The static quadrupole moments for the P"*” states have 

xi—xx 70 72 74 74,76,78_ 

been measured"^ only in the nuclei ’ ’ Ge and Se, 

The signatures of the measured static moments provide a confir- 
mation of the prolate character of the variational intrinsic 
states for the 2"^ levels obtained in the present work. 

However, the magnitudes of the observed static moments are 
considerably smaller compared to the theoretical estimates; 
the dosorepancies are particularly striking in the nuclei 
70,72|O^ where the calculation predicts the values -39*6 efm 
and -43.12 ofm^ to be compared with the observed values 
Q ^ = 3+6 efra^ and Q = -13+6 ofm^, respectively. The 
theoretical estimates are likely to decrease upon the inclusion 
of the effects due to nonaxial deformations; an increase in the 
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2 

values is usually associated with a decrease in 

2 

the <Q^> values. The experimental values presently involve 
large error bars which arise due to the uncertainties associated 
with the effects of higher excited states in the Coulomb exci- 
tation processes- More precise measurements of the static 
moments in near future will provide a better test of the 
wave functions involved. 


II. 3.4 Occupation Numbers for Shell-model Orbits 


In Tables 11.10 and 11.11 we have given the results 


for the occupation numbers of the 2 p^^ 2 » "*^ 5 / 2 ’ ^^l/2 


and 


1 gg /2 orbits in the ground states of the nuclei 
and »^®Se. Here one finds (see figure 11,8) that 

the occupation numbers for the increase monotonically 

upon the addition of neutrons. The neutron occupation numbers 
for the also exhibit small but noticeable increase 

as a function of neutron number. The occupation numbers for 
the Sp^yg - and 2pr neutron orbits, however, remain nearly 
constant along the isotopic sequences. 


We hawe also given in Table 11.10 and 11.11 the 
experimental results of Rotbard et as well as the 

*55 

theoretical estimates obtained by Kota, Randya and Potbhare 
using spectral distribution methods, in conjunction with the 
same set of input parameters - the spherical single-particle 
energies for the ^^ 1 / 2 ^ ^^ 5/2 



Protons 

Neutrons 





'■' OtCdo 
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TABLB 11.10 

The calculated "values of the occupation numbers for various sub- 
shells in the ground states of some Ge isotopes. The theoretical 
estimates obtained by Kota, Pandya and Potbhare in the framework 
of the spectral distribution methods have been given in round 

24 

brackets. The available experimental values of Rotbard et al . 
have been given in square brackets. 


Nucleus Protons 

2 Pi /2 2 p ^^2 ''%/2 ^^ 9/2 

Co 

Ge 0.67 2.02 1.13 0.18 

( 0 . 93 ) ( 2 . 97 ) ( 0 . 10 ) ( 0 . 00 ) 

'^^Ge 0,58 1.52 1.71 0.19 

(0.90) (2.95) (0.15) (0.00) 
[0.59^ [2.36] [1.24] [0.25] 

^^Ge 0.54 1.47 1.79 0.20 

(0.87) (2.79) (0.30) (0.04) 
[ 0 . 43 ] [ 2.35] [ 1 . 34 ] ro. 24 ] 


^"^Ge 0.51 1.34 1.94 0.21 

(0.78) (2.40) (0.62 (0.00) 
[ 0 . 43 ] [ 1 . 44 ] [ 2 . 20 ] [ 0 . 37 ] 


76 


Ge 


Neutrons 


2Pi/2 

0.88 

2P5/2 

3.34 

^%/2 

2.26 

''gg/2 

1.48 

0.66 

2.93 

2.92 

3.49 

0.84 

3.26 

3.43 

4.47 

1.02 

3.48 

3.91 

5.59 

1.36 

3.69 

4.51 

6.68 


0.44 1.31 1.99 0,12 

(0.51 ) (1.45) (2.04) (0.00) 
[0.40] [1.25] [2.44] [0.25] 
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as the effective two-hody interaction - as the ones employed 
in the present work. The present calculation is seen to 
explain satisfactorily the observed proton subshell occupation 

numbers in the ground states of the nuclei and . 

70 72 74 

la the nuclei ’ Ge and Se the VAP estimates suggest signi- 
ficantly increased occupation of the orbit at 

the expense of the 2p^^2 ^^3/2 Overall, the cal- 

culations reported here do reproduce the qualitative feature of 

the observed data - a transfer of the protons from the 2p orbits 

70 76 

to the 1^5/2 from Ge to Ge. In keen 

contrast with the results obtained in the present work, the 
proton occupation numbers for the 1 ^ 5/2 resulting from 

the spectral distribution methods show significant discrepancies, 
in the cases of nuclei and 

36 

Recently Kar and R^ have examined various mechanisms 
of unblocking the blocked allowed electron- capture during 
gravitational collapse in type II supernovas. In the framework 
of the zeroth-order shell-model, the allowed electron- capture 
rates get blocked as the neutron number approaches 40, because 
the protons ffom the f or p orbits then can not go to the f 
or p neutron orbits. The results presented in Tables 11.10 
and 11,11 show that the neutron occupation numbers for 
R>40 as substantially different fixjm the zeroth-order shell 
model estimates. Using the proton and neutron occupation 
numbers in the ground states of F=40,42 nuclei obtained in 
the present work, Ear and Ray have shown that the recognition of 
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the deformed nature of the nuclei in the Ge region leads to a 
higher value of A - around A?=e4 instead of A <-74 - at which 
the blocking is expected to set in. 

II. 4 Pond us ions 

V'Je have discussed here the results for the calculation 
of high- spin yrast spectra, static quadrupole moments as well 
as the reduced transition probabilities for E2 transitions 
involving the yrast states, and the subshell occupation numbers 
for proton and neutrons in some doubly even Ge and Se isotopes. 
We have considered here the VAP prescription with the HFE 
ansatz for the trial wavefunctions , employing the realistic 
effective interactions operating in the valence space spanned 
by the Sp^^g’ ^^1/2’ '^^ 5/2 ^^9/2 turns out that 

the VAP method permits a reasonably successful qualitative 
as well as quantitative interpretation of the observed high- 
spin yrast spectra in a parameter-free , microscopic manner. In 
particular, the method employed here reproduces to a large, 
extent the observed significant deviations of the yrast energies 
from the J(J+1)-law5 in this context we obtain considerably 

improvement over the results obtained in an earlier calcu- 

37 ^^2 

lation involving eigenstates of J projected from single 

HPB states for each isotope. 

PDresent calculations have revealed significant 

discrepancies between the observed and the calculated (E - E 

2 "^ 0 "^ 
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energies. In the discussion of the yrast states presented 
here we have avoided introduction of the usual competing 
and coexisting degrees of freedom such as oblate, triaxial, 
r-soft and hexadecapole shapes. However, it is expected that 
a consistent attempe to calculate the mixing of two J=0 
states, one projected from the deformed HPB state and the 
other with a near-spherical origin, may improve considerably 
the position of the calculated 2"*" states relative to the 
ground states. 



56 


HBFSH3KGBS 


1. A.P. de Lima et al ., Phjrs, Lett. 8 ^ (1979) 43. 

2. A.P. de Lima et al . , Phys. Rev. 023 (1981 ) 213. 

3. C. Morand et al . , Phys. Rev, Oil (1976) 2182. 

4. 0. Morand et al . . Rucl. Phys. A3 13 (1979) 45. 

5. G. Lebrum et al . , Phys. Rev. G19 (1979) 1294. 

6. IC.P. Lieb and J.J. Kolata, Phys. Rev. G1^ (1977) 939. 

7. R.B. Piercey et al . . Phys. Rev. Oli (1979) 1344. 

8. J.O. Wells, Jr., et al . . Phys. Rev. G22 (1980) 1126. 

9. P. Matsuzaki and H. Paketani, Fuel. Phys. A3 90 (1982) 413. 

10. M. Sakakura, Y. Shikata, A. Arima and P. Sebe^zRbys. A289 

(1979) 163. 

11. D. Ardouin et_al. , Phys, Rev, Cl 1 (1975) 1649| Phys. Rev. 

C12 (1975) 1745. 

12. M. Girod and B. Grammaticos, in Proceedings of the 

Conference on the Structure of Medium-heavT' Nuclei , 
Rhodes, 1979, edited by the 'Demokritos' Pandem 
Accelerator Group, Athens (Institute of Physics, 
Bristol, 1980), p.225. 

13. K. Kumar, J. Phys. ^ (1978) 849. 

14. P. Matsuzaki and H. Paketani, Fuel. Phys. A390 (1982) 413* 

15. H.P. de Vries and P.J. Brussaard, Z. Phys. A286 (1978) 1. 

16. J. Hadeiman and A.C. Rester, Rucl. Phys. A231 (1974) 120, 

17. P. Sakata, S. Iwasaki, P, Marumori and K. Takada, Z, Phys, 

A286 (1978) 195. 

18. M. Vergnes, in Proceedings of the Oonference on the 

Structure of Medium- heavy Ruclei , Rhodes, 1979, 
edited by the ’Demokritos' Pandem Accelerator Group, 
Athens (Institute of Physics, Bristol, 1980), 

P.25. 



57 


19. IvI.N. Vergaes et al . , Phys. Lett. (1978) 447. 

20. R. Lecomte et al . , Phys. Rev. G22 (19 80 ) 2420. 

21. R, Lecomte et al . , Pl:]ys. Rev. 025 (1982) 2812. 

22. M.L. Halbert et al ., Rucl. Phys. A256 (1976) 496. 

23. A.L. Goodman, in Advances in Nuclear Physics , eds* 

J.W.Negele and E.Vogt (Plenum Press, Hew-Yoik- 
London 1979), Vol.11. 

24. G. Rotbard et al . . Phys. Rev. 018 (1978) 86. 

25. T.T.S. Kuo, private communication to Professor K.H.Bhatt* 

26. V. Potbhare, S.K. Sharma and S.P.Pandya, Phys. Rev. 

024 (1981 ) 2355. 

27. D.P. Ahalpara and K.H. Bhatt, Phys. Rev. ^ (1982) 2072. 

28. J.H. Hamilton et al .. Phys. Rev. Letters ^2 (1974) 239. 

29. R.B. Piercey e t al . , Phys. Rev. Letters XL (1976) 497. 

30. J.H, Hamilton, R.L. Robinson and A.V. Ramayya in 

Proceedings of the International Go nf ere nee on 
Huclear Interactions, Ganberra. 1976, edited by 
B.A. Robson (Springer, Hew York, 1978), p.253. 

31. R. lecomte et al . , Phys, Rev. 022 (1980) 1530, 

32. R. Lecomte, S .landsberger, P. Paradis, and S.Monaro, 

Phys. Rev. £18 (1978) 2801. 

33. R. Lecomte et al ., Hucl. Phys. A284 (1977) 123. 

34. G, Rotbard et al , . Hucl, Phys. A401 (1983) 41. 

35. V.K.B.Kota, S.P.Pandya and V. Potbhare, Phys, Rev, 

025 (1982) 1667. 

36. K. Kar and A. Ray, Phys, Lett. 96A (1983) 322. 

37. S.K. Sharma, Phys. Rev. 022 (1980) 2612. 



CHAPTER III 


HIGH~SPIH YEAST SPECTRA IH DOUBLY EVEH 
KRYPTOH AHD STRONTIUM ISOTOPES 


III.1 Introduction 

In this Chapter ve report on the calculations of the 
high-spin yrast spectra of the doubly even nuclei 
74,76578,80,82jr^ 80,82,84g^^ Apart from the energy spectra 

we shall also discuss here the results of the calculations of 
static quadrupole moments and the reduced transition probabi- 
lities for H2 transitions for the yrast states, as well as 
the subshell occupation numbers for the 2 p^^ 2 , 2 p^y 2 » '’%/2 
and 'lgg/'2 in the ground states of these nuclei. 

Recent years have witnessed a rapid increase in 
the experimental activity of measuring the properties of 
the yrast levels (with J^= 16"^) in Kr and Sr isotopes. In 

1 — 1 P 

Tables III.1 and III. 2 we give references ” to papers that 

have recently provided experimental information concerning the 

energies as well as the reduced S2 transition probabilities 

for the yrast lovfJls in the nuclei and 

80,82,84g^^ 

The available experimental information in the 

T4- T6 TS so 

nuclei ’ ’ Kr and Sr suggests existence of sizable 

quadrupole deformation - and the associated rotational 

collectivity - in the ground states. The (S - E ) energies 

2 + 0 + 

in these isotopes range between 0.385 MeV to 0.455 MeV and 



59 


gABLB III.1 

Sunimary of the available experimental information 
for the yrast levels In Kr isotopes 


Nucleus 

r — r 

! Yrast levels } 

t . t 

Half-lives 


J.Rath et al.”^ f 0^-20*’) 

J.H. Hamilton et al.^ (0-20'^) 

- 


R.B.Piercey et al.^’'^(oil 2"^) 

R.B.Piercev et al.^'^CO^I 


J.H. Hamilton et al.^ (0-12"^) 

- 


S.Macsulci et al.^ (O'i-8’*’) 

- 

^Sicr 

H.P.Hellmeister et al.^"®(0il6+ 

) H.P.Hellmeister et al.^'^Coi^l 


R.l. Robinson et al.^(ctl Z*") 

R.L.Robinson et al.^(0-10''‘) 


10 

D.G. McCauley and J.B.Draper 
(0^10+) 

— 

®°Kr 

I. Punka et al. \o-14'^) 

l.Punke et al.^^ (ciH+l 


10 

D.G. McCauley and J.E. Draper 
{0+-8+) 

1 2 

H.G. Pried erichs et al, 

(Ois^) 


E.I.SastiT at 



10 

D.G. McCauley and J. 3. Draper 
(0^6+) 

C.M. Cartwright et al. **^(0-2”'') 
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gjBLE! III. 2 

Summary of the aYailable experime atal information, 
for the yrast; levels in Sr isotopes 


l^cleus 


Yrasx leyeis 


Half lives 


80 


Sr C 


.J, Lister et al .'^^ (ctlS'*') 0. J. lister et_al. ^ (0-4"^) 

G.A.Hields et al . (cts-^) 
l.Higo et al J^ (0~1(f) 


82 


T.Higo e 0 al , 


Sr G. A. fields et al J^ (oilO^*) 


84 


Sr 


A.Dewald et al .*^^ (0-14**’) 


17 


0, A. fields et al. ' ' (0^10"^) 


A.Dewald e t al , ^ (0^12'*’) 
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the B(S2, 2"^-* O"*”) values are more than 52 W.u. The available 

information in the nuclei and on the other 

hand, implies a significant reduction of rotational collectivity^ 

the (E , - B ) values lie in the range 0,576-0.777 MeV and 
2 o ^ ^ 

the observed B(E2, 2 0 ) estimates are smaller than 25 W.u. 

The reduced rotational collectivity in nuclei with A > SO is 
just an empirical manifestation of the shell closure at F=50. 

A large number of recent calculations have attempted 
a description of the high-spin yrast levels in Kr and Sr 

isotopes in the framework of phenomenological models. Kaup 

19 20 21 22 
and Gelberg ' , Ramayya , Bucurescu et al . and Dewald 

1 8 

et al . have carried out calculations in the framework of 

13 11 

the Interacting Boson Model, Sastry et al . , Punke et al . 

23 

and Sound ranayagam et al . have performed two- quasi particle 

80 

plus rotor model calculations for Kr. 

In this Chapter we study the high-spin le-vels in 
the Kr and Sr isotopes in the framework of the YAP technique 
discussed in the preceding Chapter. The calculations presented 
here employ the same configuration space as well as the 
effective interaction as the one employed in our calculations 
in the Ge and Se isotopes. The single- particle energies we 
have taken are (in MeV) ; ®(2p^y'2) = 0,0, e = 0,78, 

8(2Pi/2) = 1.08 and e (lggy' 2 ) ~ 3.25 for the Kr isotopes. In 
our calculations for the Sr isotopes we have taken 
®(1g9/2) =3.0 MeV. 
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In Section III. 2 we present a comparison of the 

calculated yrast spectra, static quadrupole moments as well 

as the reduced transition probabilities for E2 transitions with 
1 *“1 8 

the available experimental results. Section III. 3 contains 
some concluding remarks. 

III. 2 Results arid Discussion 
III. 2.1 Intrinsic States 

The calculated quadrupole moments of the optimum 
intrinsic states associated with the yrast levels in the nuclei 
74,76,78,80,82^.^ 80,82,84g^ been presented in 

Table III. 3 

2 

Discussing first the results for the moments of 

the optimum intrinsic states associated with the ground states, 

2 T4. 76 78 

we notice that the <Qq> values in the nuclei ’ ’ Kr 

OQ Qp 

and ’ Sr are nearly 90 percent of their maximum possible 

values for the given valence space. This ties in nicely with 

the observed enhanced rotational collectivity in these isotopes. 

As mentioned earlier, the reduction in the intrinsic quadrupole 

deforma-uion of the ground states in the nuclei and 

84 

Sr is due to the approaching shell closure at N=50. 

Vie next discuss the variation of the quadrupole moments 
of the optimum intrinsic states along the yrast cascade. In 
keen contrast with the results obtained earlier in the case 
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TABLE III, 3 
2 

Quadrupole deformations , optimum 

ia-crinsic states associated with the yras : levels in the nuclei 
74, 76, 78, 00, 82;-^ 80, 82, 843^, Here <o2> „„ gl:«e the 

maximum possible value of the intrinsic quadrupole moment for 
each isotope 
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of G-e and Se isotopes, it turns out that the variations in 
the quadrupole deformations of the optimum intrinsic states 
associated with various yrast levels in most of the isotopes 
is quite small. This feature of the calculated results is 
partly related to the non-occurence of crossir^s of Nilsson 
levels in the neighbourhood of the relevant Permi surfaces for 
various isotopes. 

III. 2.2 Yrast levels 

We first discuss here the nuclei 

i i i i 

In Figures III. 1 and III. 2 we have presented the observed ’ 
as well as the theoretical yrast spectra resulting from the 
VAP met^d. We have also given here the yrast spectra obtained 
by carrying out angular momentum projection on the minimum- 
energy HPB intrinsic states for various nuclei. Keeping in 
view the possibility of a change in the position of the 
calculated 0^ states because of its mixing with the coexisting 
O"^ states of spherical origin, we have focussed only on a 
comparison of the calculated and observed yrast spectra for 
J > 2. We have, therefore, aligned the calculated 2*^ states 
with the observed ones. 

It is seen that the VAP yrast spectra in the nuclei 

74 76 

’ Kr are in reasonably good agreement with the experiments. 
Ihe VAP prescription is seen to yield small but significeint 
improvements over the PHIB yrast energies in these nuclei. 




Flg.ni.l Calculated and experifrMmtal yrast levels in . 




Fig. III. 2 Calculated and experimental yrast levels in 
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In the case of the nucleus ICr, the VAP results - and these 
are almost identical with the PHZB ones - displa^y significant 
discrepancies for the levels with J >8. 

on P p 

Ihe observed spectra in the nuclei ’ Kr display 
significam: departure from the rotational pattern. Whereas 

HA n vR 

the spectra in the nuclei ’ ’ Kr can be described by the 

2 2 

relation iij = A J(J+1) + B J (J+1) with the parameters 
[A(keV), B(keV)] =[ 86.60, -1.80] ,[78.80, -1.35] and 
[84,35j -1.42] respectively, the yrast spectra in 

require the values [116. 11, -2.2l]and [l45.98, -2.75] 
respectively. We find (see Pigure III. 2) that the VAP energies 
for the yrast levels with 2"^ </’ <12’*’ in the nucleus ®^Kr are 
in very good agreement with the observed ones; the maximum 
discrepancy between the calculated and observed levels is just 
260 keV. 

Ihe present calculation yields rather poor agreement 
with the experiments in the case of the nucleus ^^r. Phis 
may be reflecting the inadequacy of the present valence space 
for this isotope. 

Ihe results for the calculated PHPB as well as VAP 

R O o Q Q A 

yrast energies in the nuclei ^ ^Sr have been presented 
in Figure III. 3 toge-cher with the observed yrast energies. 
Although rhe VAl’ energies represent considerable improvement 
over the PHPB results, some significant disciepancies still 

p Q P P 

occur for J >8 in the nuclei ’ Sr. It will be interesting 




EXP PHFB VAP EXP PHFB VAP EXP PHFB VAP 


®°Sr ®*Sr 

Fig. Ill, 3 Calculated and experimental yrgst levels in *^*®^**^Sr . 
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to examine the effect of inclusion of no t>- axial deformations 
vis-a-vis the observed spectra by invoking the craiiked HEB 
prescription. 

The observed spectra in the nucleus Sr is character 
ized by anomalously small 8-6 separation. This suggests 
large struccural changes in this nucleus fet J = 6'*'. The 

present calculation does not reproduce this feature; the 
calculated positions of the levels with J=8,10 and 12 are 
about 1.5 MeV too high compared to the experiment. 


III. 2.3 Blectromagnetic Propert ies 


We now discuss the electromagnetic properties of 
the yrast levels in the nuclei 74, 76, 78, 80, 82^,^ 80,82,84g^^ 

The results for the reduced transition probabilities for the 


32 transitions involving the yrast levels have been presented 
in Tables III, 4-III . 1 • '^e have also given here the VAP 

results for the static quadrupole moments for the yrast states. 
The ele ctromagnet i c properties discussed here have been 
computed with a ei rigle set of effective charges: e^ = 1.7 
ai:d = 0.7. 


We first discuss the results for the yrast states 

in Kr isotopes. The calculated as well as the observed^ 

76 78 80 

values in the nuclei ' ’ ^ Kr have been plotted in 

figures III.4-III.6- 7!ho rigid rotor values for various 
transitions calculated from the relation (11.75) have also been 
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Fig. in. 4 Comparison of the deserved B(£2) values in Kr with the predictions 
of the VAP model (solid line) and the rigid rotor values (dashed line). 




Fig.ni . 





Fig. II I. 6 8 ( E2 ) values 
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shown in the Figures. From the results presented in Figure 

III, 4 it is clear that, despite large error bars, the available 

data fa^ur _the Y.AP predictions over the rigid rotor values* 

78 

Further, in the nucleus Kr (see Figure III. 5) the deviations 
of the observed mean values from the rigid rotor estimates 
are, in most of the cases, in the directions indicated by 

the 7AP results. Large error bars on the experimental B(S2) 

80 

values in the nucleus Kr, however, prevent a definite 
conclusion; both rigid- rotor as well as VAP predictions are 
consistent with the available data. 

The calculated VAP results for the B(E2, J'^) . 

80 87 84 - 

values in the nuclei ’ ^ ^Sr have been presented in 

Tables III,9-III.'l 1 . The observed S2 transition probabilities 

4“ -4- “f" *4" 

for the 2 0 as well as 4 ** 2 transitions are in good 

agreemen;;^ with the VAP estimates. The VAP prescription, 

however, does not provide an adequate interpretation of the 

84 - 

observed data in the nucleus Sr; the computed values are 
quite i neons iscent with the observed data for most of the 
transitions. 


III. 2.4 Occupation Numbers for Shell Model Orbits 


In Tables 111,12 we have given the results for the 
occupation numbers of the 2 p^y 2 > ^^l/2 "*^9/2 

in the ground states of the nuclei 

80,82,84g^^ Here one finds that (see Figure 111.7), whereas 
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TABLE III. 12 


The calculated Talues of the occupation numbers of various 
orbits in the ground states of some Kr and Sr isotopes* The 
results obtained by Kota, Pandya and Potbhare for the Kr 
isotopes in the framework of the spectral distribution methods 
have been given in round brackets 


Kucleus Protons Neutrons 



2 p ^/2 

2P3/2 

'V2 

''§9/2 

2Pi/2 

2P3/2 

1V2 

''§ 9/2 


0.52 

2,09 

3.04 

2.28 

0.52 

2.27 

3.17 

4.03 

^^Kr 

0.50 

(1.84) 

2.05 

(3.81) 

3.21 
(1.81 ) 

2 . 13 
(0.54) 

0.57 

2.47 

3.42 

5.56 

Kr 

0.49 
(1.71 ) 

2.11 

(3.65) 

3.24 

(2.13) 

2.03 

(0.51) 

0.79 

3.17 

3,88 

6.30 

^Kr 

0.49 

(1.49) 

2.21 

(3.36) 

3.31 

(2.67) 

1.88 

(0.48) 

1.15 

3.57 

4.44 

7.07 


0.53 

(1.09) 

2.47 

(3.01) 

3.45 

(3.33) 

1.53 

(0.57) 

1.57 

3.81 

5.12 

7.79 

80_ 

Sr 

0.51 

2.02 

3.46 

4.03 

0.72 

2.88 

3.99 

6.54 

82„ 

Sr 

0.51 

2.00 

3.48 

4.04 

0.94 

3.33 

4.49 

7.39 

84c, 

Sr 

0,58 

2.47 

3.80 

3.14 

1.43 

3.75 

5.24 

7.85 




Neutrons 
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the neutron occupation numbers for the "If 5/^2 "'%/2 

display monotonic increase as a function of the neutron number, 
the occupation numbers for the Sp^^-^ remain 

nearly constant. 

We ha've also given in Table III. 12 the estimates 
obtained by Kota, _ Pandya and Potbhare employing the spectral 
distribution methods. The calculations employed the same 
set of input, parameter as the ones involved in our WAP calcu- 
lations except for the slight lowering of the lggy'2 
by 250 keY. In contrast with the results obtained in the 
present work, the spectral distribution methods predict a 
transfer of valence protons from the 2 p orbits to the "If 5/2 
orbit in going from the nucleus "^^Kr to ^^r. The estimates 
for the 1gg^2'"P^'*'°’^ occupation numbers resulting from the 
YAP method, are also substantially larger than the values 
obtained by the spectral methods. 

III . 3 Conclusions 

The results presented here roprtssent an extension 
of the calculational framework discussed in preceding Chapter 
for computing the highr-spin yrast spectra, static quadrupole 
moments, reduced uransition probabilities for E 2 transitions 
involving yrast levels, as well as the subshell occupation 
numbers in some Kr and Sr isotopes. 
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It turns out that the VAP prescription, in conjunction 
with the Kuo's effective interaction for the ( 2p- 1 f- 1 j 
space, provides a fairly accurate microscopic (isscriptiQQ^ 
the observed high-spin yrast spectra in the nuclei >76 , 75^30^^^ 
However, the present microscopic description appears inadequate 
in the nuclei Kr and ’ ’ ^Sr; the calculated yrast spectra 

display significantly reduced degree of rotational collectivity 
in these nuclei* It may therefore be necessary to incorpora'ce 
additional configurational admixtures through an expliQj_^ 
involvement of the (2d^^^, 35 ^‘^ 3/2’ ^®7/2^ °^^its. 
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GHA.PTBR IV 


QFSaiT OP LARGS JEPOBMATIOITS IN THE ZIRGQUIUM 
ESGiOIT AND THE POSSIBILITY bg OGOUBBMGB OF 
THB BAGKBBICDING ANOMALY IH MOLYBDENUM 
ISOTOPES WITH A ^ 100 


I?. 1 Introduction 

1 

Oheifetz et al . have some time ago discovered a new 
region of deformation around mass number A = 100; well-developed 
rotational spectra were observed in several highly neutron- rich 
isotopes of Zr and Mo during a study of the fission fragments 
of ^^^Gf. The observed B(E2,o"^ 2"*" ) values were as enhanced 
as in the rare-earth and the actinide regions, 

A striking feature of the observed spectra (see 
Pigure IV. 1) in 50-1022^ sudden onset of deformation at 

N = 60; whereas one observes large energy separations 
('^0.92 MeV) between the ground and the first excited states 
in ^^Zr, the yrast spectra (with = 8*^) in the nuclei 

100, 102^^ are almost rotational with (E - Eq 4.)_^0.21 MeV, 

In the doubly-even Mo isotopes also one observes a distinct 
increase of rotational collectivity in going from U = 58 to 
N = 60. 

The mass region A = 90-106 thus offers a nice example 

of shfi.pe transition. The region includes at one end nuclei 

which can be described in terms of shell model wavefunctions 

2 3 

involving a small number of configurations ^ 


, At the other 




F«. IV 4 Exp«rlimntol spectra In sonw doubly even Ir and Mo Isotopes o 
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+ 98 

0 level in Zr (with = 0.9 MeV) turns out to possess a 

" collective " wavefunction - a wavefunction spread over many 
shell model configurations. It is seen that the degree of 
configuration mixing in the 0^ state depends veiy much on the 
relative positions of the single- particle energies of the 
(1&|jy'2)jj. (lgY^ 2 ^i) orbits. Having established a connection 

between the simultaneous occupation of the SOP orbits and 
the " collective nature of the first-excited state in ^®Zr, 
Hedermn et al . have suggested that the rotational states in 
■'Zr may also be having a structure quite similar to that of 
tills state . 

In this Chapter we examine quantitatively the 
dramatic onset of large deformations in the A = 90-106 mass 
ro'gion in tho framework of the HI!B method employing a valence 
space widch is large enough to permit a systematic and unbiased 
study of the nuclei and To this end we 

employ th..‘ usual pairing- plus- quad rupole- quod rupole effective 
interaction opuniting in a valence space spanned by the 

^^ 9/2 ^'^ 11/2 

ly ^ 

protons as well as for neutrons. The nucleus Sr (H = Z = 38) 
hiiB b .^.-n conaidorud as an inert core. The orbit 2p^^2 
boon incluKic'd in tho vriKmce space in order to examine 
explicitly thu role of tho Z == 40 proton core vis-a-vis the 
onset of largo dofommtions in the highly neutron-rich Zr 
iso to pa a. 
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The present calculation in the extended configuration 
space is quite successful in reproducing the observed defor- 
mation systematics in the A = 90-106 region, the available 
yrast spectra with as well as the B(E2, 0^-* 2^) values 

in some Mo isotopes. A number of interesting features associ- 
ated with the observed shape/phase transition in the Zr region 
are revealed. The results indicate unambiguously that the 

occurrence of large deformatioiis in this region is not 

94 

compatible with the earlier assumption of an inert Sr 
4-8 

core . The obser'ved onset of quasirotational features is 

seen to be related to the significant deformation of the 

N = 56 core as well as to the involvement of the 1 h ^^^2 o^rbit, 

which possesses large single- particle quadrupole moment, in 

the valence space. The overall n-p effective interaction 

is seen to play an important role through the involvement of 

the Z = 40 core protons. However, the present calculations 

4-9 

do not substantiate the earlier conjecture concerning the 
role of the n-p interactions in the SOP orbits, in producing 
deformations; we do not observe any significant correlation 
between the onset of deformation and the simultaneous occupa- 
tlon of the ^.nd orbits . 

Our calculations revealed the presence of the time- 
rovtirsed k == + 1/2 neutron pairs from the jnst 

below the relevant Permi surfaces in the nuclei 
Since the involvement of lownk orbitals of high j parentage - 
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13/2, + 1/2» example - has been shown to be 

r..lated to the baokbending effect in a number of nuclei in the 
rare earth region”' \ ve were prompted to ask if the occurrence 

of* "[j ^0 i ^ 

11/2, +1/2 orbitals near the Perm! surface could lead 
dramatic structural changes in the high-spin (J^> s'^) yiast 
spectra of nuclei in the A ->100 region. The results discussed 

*Tj _ .r . 

-r in this Chapter seem to answer this in affirmative. 

In Section IV. 2 we discuss the choices of the one- 
c-md two-body parts of the Hamiltonian that we have employed in 
thu present work, in Section IV. 3 we discuss the mechanism 
underlying the observed deformation trends in the Zirconium 
region. We next discuss, in Section IV. 4, an explicit calcu- 
lation of the energies as well as the electromagnetic proper- 
ties of the available yrast levels (with /< 8'^) in the 
nuclei *^^0-^106-- 

Mo in the framewoifc of the VAP technique employed 
in the preceding Chapters in the context of the study of yrast 
spectra in nuclei with A = 60-80. It turns out that the VAP 

method in conjunction with the pairing-plus-quadrupole-quadrupole 

model of the effective interaction provides a reasonably 
good description of the low-lying yrast levels in the quasi- 
rotational Mo isotopes. Section IV. 5 discusses the variational 
calculation of the high-spin (with > 8"^) levels in Mo 
isotopes,' the results suggest strongly the possibility of 
observing the baokbending effect in the newly-discovered region 
oi deformation around A = 100. Pinally Section iv.6 contains 
some concluding rc^marks. 
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IV. 2 Vhe One- and Two-bod.v Parts of the’ Hamiltonian 

The spherical single- particle energies (SPB's) that 

we have employed are (in MeV): e =-0.8,. e ('>gg/2^ = 

^ (2d^y^) = 5.4, e (5 s^^2^ ^ ('^§7/2^ "" 

s (Ih^-j^p) =^^*2 • Ihis set of the input SPE's is exactly 

the same as that employed in a number of successful shell model 

12 

calculations for A ^90 nuclei by Vergados and Kuo as well as 

5 

by Federman and Pittel except for the slight lowering of the 
1h^l/2 energy by 0.-6 MeV. 

The two-body effective interaction that we have 
employed is of "pairing + quadrupole-quadrupole (q.q)" type. 

The pairing part can be written as 


V = 


4 e E s s„o^ 0^ c_ 0 

4 fY A O' P a f; 


(IV.2.1 ) 


afi ^ a p 
where 'o' denotes the quantum numbers (nljm). The state a 

is the same as a but with the sign of m reversed; a = (nlj-m). 
Here S is the phase factor (-1)^"“. The quad rupole- quad rupole 
part of the two-body interactipn is given by 


jJi+2 


V 


1 


h t- t 


q.q 


X E E <ai ai^iTxti q^ia> (-1) 0^ 0^ 


aii-Td h=-2 


(IV. 2. 2) 


The operator q^ is given by 


,2 = (1671/5)^^^ r2y,^ (e,0) 


h 




(IV. 2. 3) 


I 
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1 

As pointed out by Kumar and Baranger , the pairing ■+ 
quadrupole-quadrupole interaction derives its validity from the 
limited size of the spacej it leads to absurd consequences if 
it is allowed to operate in a complete set of states. The 
optimum size of the oscillator space is usually two major 
shells “ a criterion which is approxinately satisfied by the 

13 

valence space chosen in the present work. Kumar and Baranger 
have sliown that the matrix elements of the q.q force computed 
for two major shells are quite similar to the ones obtained 
from Hamad a- Johns tone potential, in terms of the G-matrix plus 
core polarization. 

The strengths for the like~particle as well as the 

n-p components of the q.q interaction were taken as: 

-nn ^=^pp^ = -0.0105 MeY b""^ and = -0.0231 MeY b""^. 

Here b (='/*/raS’) is the oscillator parameter. These values for 

the strengths of the q.q interactions are comparable to those 

14 

suggested recently by Arima on the basis of an empirical 
analysis of the effective interactions. The strength of the 
pairing interaction was fixed (through the approximate relation 
a 18/A) at G = 0.18 MeY-. 
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IV. 3 Deformation Trends in the Zirconium Region 

We first discuss the nuclei The observed 

spectra in these nuclei are characterized by large values 


(<- 2 MeV) of the (] 


?+ 0 + 


3 +) separations. This can be inte3>- 


preted in terms of the subshell closures for the 'lggy2 

2d^/2 orbits. The present calculation reproduces this 

feature - the minimumr- energy HDB solutions that we obtain for 

the nuclei with the present set of input parameters 

1 0 

are indeed spherical with the structures [(1ggy^2^ ^J=0 

(1g9/2)^'^(2d^/2)^] j^O’ respectively. In Table IV. 1 we have 

' 90 

given the spherical SPS's for the Zr core-plus-one nucleon 

90 

system resulting from the spherical HEB solution for Zr. 

The calculated energies compare favourably with the SPE's 


deduced from (d,p) as well as (p,p') reactions 


15 


In Table IV. 2 we present the intrinsic quadrupole 

94 .98'»'102 

moments of the HEB intrinsic states in the nuclei 2r 

and The calculation reproduces the significant 

increase of the deformation that is observed in the Zr isotopes 

2 98 
at N = 60; whereas the <Qq> value in the nucleus Zr 

2 2 
is only 39*3 b out of a maximum of 76.7 b , that for the 

nucleus "^^'^Zr is about 64 per cent of the maximum possible 

value for this nucleus in the presont valence space. The 

92— 106 

calculated intrinsic quadrupole moments in the isotopes Mo 

are also consistent with the deformation systematics implied 
by the obsorvod spectra. The excitation energy of the first 2 
state in Mo isotopes shows largo ovejiall decrease in going from 
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TABLE IV. 1 

Comparison of the Calculated ^”'zr SPE’s 
■with their experimental ralues 


Neutron orbit 

Energy in 

(MeV) 


Theoiy 

Expt. 

2^5/2 

0.00 

0.00 

3s^/2 

1.04 

1.20 

2d^/2 

2.30 

2.08 

"’^7/2 

2.90 

2.12 
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TABLE IV « 2 


The intrinsic quadrupole moments of the-HEB states in some 

2 2 

doubly even 2r and Mo isotopes. Here ^ 

gives the contribution of the protons ^neutrons) to the 
total intrinsic quadrupole moment- <Qn> gives the maximum 
value of the intrinsic quadrupole moment for each isotope. 

The quadrupole moments have been computed in units of b 


Nucleus 

2 

<Q^> 

^0 HEB 


A 

C\J O 
O’ 

V 

5 

<Q7 > 

0 max 

94 

^ Zr 

24.8 

7.5 

17.3 

73.5 

9®Zr 

39.3 

10.8 

28.5 

76.7 


48.4 

12.8 

35.6 

75.4 


44.8 

11.5 

33.3 

73.8 

^Slo 

13.9 

8.6 

5.3 

77.9 


34.8 

16.1 

18.7 

80.6 


42.3 

17.7 

24.6 

84.8 


49.4 

18.9 

30.5 

88.9 

10°Ho 

54.0 

19.5 

34.5 

87.9 


60.7 

20.6 

40.1 

86.9 


63 . 6 

21.0 

42.6 

86.2 

o 

o 

64.6 

21.1 

4/. 5 

84.5 
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92 , 106 qp 

Mo to Mo (See Figure IV, 1) Whereas the S value in ^mo 

2 

is 1.51 MeV, it decreases to just 0.18 MeV in the nuclei 

’ 1 06mo . We obtain here a near- spherical shape (with <Qq > 

< max “ 0*18) for ^^lo and highly deformed prolate shapes 

”1 0 6 2 

for the nucleus ^°Mo - the computed < Qq value for the 

2 

latter isotope are about 76.4 per cent of the relevant < Qo > 

0 max 

value. An interesting feature of the 2'^ level is the rather 

abrupt drop in its position at (E = 0,54 MeV), after 

2^ 

remaining virtually constant at around 0,8 MeV in the nuclei 

96.98 - 2 

’ Mo. This correlates well with the calculated <Q > 

U xljbij 

96.98 

valuesi whereas the quadrupole moments for Mo are only 

2 2 2 
42.5 b and 49»3 b , respectively, the < Qp,> tt-ctd for the nucleus 

is 54.0 .4 

In Figure IV. 2 we display the subshell occupation 
numbers for protons and neutrons calculated from the HFB intrinsic 
states. The onset of large deformations in the Zr and Mo 
isotopes is seen to be maiked by a significant depletion of the 
(2d^^^)^^ orbit and a simultaneous increase of the 1 b.j.j ^2 
occupation numbers for the neutrons. 

The results thus indicate significant polarization of 

98 100 102 

the H := 56 core in the quasirotational nuclei ^ ’ Zr; 

the oubsholl closure at M = 50 is still valid for these nuclei. 
Our results for the deformed Mo isotopes (with A >100) also 
imply an emdication of the M = 56 subshell. A consideration 
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of the occupation numbers for protons shows that the orbit 

2p- is completely empty in almost all the nuclei considered 

96 92 

here ejfcept the nuclei Zr and Mo> This is consistent 

with the results obtained in some earlier shell model 

6 

calculations in the light (A <98') Zr and Mo isotopes. In 
the nuclei , the valence protons are distributed 

between the '^ggy'2 ^'^5/2 seen from the results 

presented in Table IV. 2 about 30 per cent of the total 
ent in these nuclei arises fmm protons alone, A study of 
the (^§ 7 / 2 ^^ occupation numbers in the Zr and 

Mo isotopes does not reveal any significant simultaneous 
increase in their values at A = 100. Although the (lgY/2^v 
occupancy is seen to increase slightly in going from A = 98 
to A = 100, the (1gg^2^'T occupation numbers display a small 
but appreciable decrease. The results obtained here, theiefore, 
cast serious doubts on the earlier suggestion concerning the 
role of the n-p interaction between the valence nucleons in 
the SOP orbits*^ The enhanced effectiveness of the 
[(lgg/ 2 )^- (lgY/ 2 ^ 2 ^^ interactions in producing deformations 
that was noticed in thk) earlier works^ may be related to 
the highly rostrictiv^J nature of the valence space employed 
there . 
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Structure of the lo-w^lying Yrast Levels (with /<8'^) 
in the Isotopes in the Pramevrork of the YA? 

Method 


As mentioned earlier, we would like to examine the 
consequences of the presence of the orbitals +' 1/2 

near the Permi surfaces in some Mo isotopes vis-a-vis the 
structure of the high-spin (with yrast states. 

However, for the calculation of these levels to be of some 
reliability, it is important to see whether one gets accep- 
table detailed agreement for the energies as well as the 
electromagnetic properties of the available, low-lying yrast 
states in the isotopes 102, 104, 106^^^^ 


We have computed the yrast spectra by following 
the procedure discussed earlier in Chapter II, We have first 
generated the self-consistent, axially symmetric HPB solutions 
resulting from the Hamiltonian (H - PQq). The optimum 
intrinsic state for each J, l^as then been selected 

by determining the minimum of the projected energy 


Ej(/^) = [<0(,ib) 1 h/ 1 0(l^)>/< 0(f}) IP^i 0(li)>] (IV. 4.1) 

as a function of ^ , In other words, the intrinsic state for 
each J satisfies the following condition 

6[<0 {^) IHP'^ I i2((j5)>/<j2f(B)lP'^l 0 (/3) >] =0 


(IV .4. 2) 
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Here the operator projects out the eigenstates of from 

the intrinsic states J2' (^). Our assumption concerning the 

axial symmetry of the intrinsic states is consistent with 

the microscopic calculation of potential energy surfaces in' 

102 16 

Zr hy Kumar et al . ; it is found that the minimum of 
potential energy, 'V(il),r), for the ground- state band occurs at 
1= 0.4, y = 10° and, therefore, the effects due to non- 
axiality are expected to be small at least for the yrast 
levels in Zr and Mo isotopes with A *^100. 

It may be mentioned that variational methods quite 

similar to the one employed here have earlier been used by 

17 18 

Paessler et al . as well as Hair and Ansari in connection 

1 

with the study of the back-bending effect in Er. The 

present calculation, however, employs exact angular momentum 

projection, in contrast with the technique used by Hair and 
18 

Ansari which involved an approximation suggested by Das 

1 9 

Gupta and Van Ginneken , 

In Pigure IV. 3 we present a comparison of the 
calculated low-lying yrast spectra in the isotopes 

' ' ’ Mo with the experimental ones. Prom the 

figure (the portion inside the rectangles) one observes that 
the present calculation yields a satisfactory overall agreement 
with the experiments, particularly in view of the fact that 
wo have not used any parameter to mock up the contributions 
of the H=Z=38 core towards the moment of inertia. 
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The calculation is seen to reproduce the observed levels with 

J £ 6”*" within an accuracy of about 400 KeV. The = 8*^ 

1 02 , 

level in Mo — and it happens to be the highest spin 
observed so far in the A >^100 region — shows a discrepancy 
of about 600 KeV. 


We next consider the reduced transition probabilities 

I ■ I 

for 32 transitions, B(32, 0 '*■2 ), in the Mo isotopes. In 
Table IV. 3 "we present a comparison of the observed B(E2,0 2 ) 

values with the ones computed in terms of the J=0 and J=2 
states projected from the variational intrinsic states. The 
states with good angular momenta J projected from the axially 
symmetric intrinsic state i ^_Q>can be written as 

dQ (IV.4.3) 


where E(q) and D^jr(Q) are the rotation operator and the 
rotation matrix respectively. Using the projected wave functions 
one obtains 


B(S2, 0^-^ 2'^) = KT^il \ ^ (IV. 4. 4) 

wheie = (16 ti/5)’'/^ (q). 

fJL 

It is seen that the present micmscopic description 
permits an adequate interpretation of the available electro- 
magnetic data in teims of a reasonable variation of the 
isoscalar effective chargt?s? the computed B(32) estimates are 
in remarkably good agreement with the experiments provided one 
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0?.ABLE IV. 5 

20 + + \ 

Comparison of the calculated and the observed B(E2,0 -*■ 2 ) 

values in some quasirotational Jfo isotopes. The effective 

charges have been used such that for protons the effective 

charge is e^ = 1 + e^^^ and for neutrons it is e^ = ®eff* 

The values of the oscillator parameter have been calculated 

1 / 6 

from the relation b = 1,01 A ' fm. 


Nucleus 


B(E2, 


2^) X 10~^^ e^ 


Calculated 


Expt. 



f ,- 0.35 

= 0.50 

= 0.65 


18.2 

26.6 

36.7 

19 . 8 + 0.3 

24.4 

36.1 

50.0 

27 . 1 + 0.4 

28.3 

42.3 

59.1 

26 . 7 + 0.5 

37.4 

54.4 

74.5 

51 . . 2 + 0. 9 



+ 13.9 
- 11.1 


47.9 


70.8 


98.2 
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chooses = 0.35 for = 0.50 for 

and Sg££. = 0.65 for ”''^^5o. It may be mentioned here that a 
small, systematic increase in the effective charges in going 
from ^=94 to A=102 is not totally unanticipated in the present 
calculational framework since the explicit involvement of the 
II=Z=38 core is expected to increase during the onset of 
deformation at A=100. 

IV. 5 Backbending Phenomenon in the Nuclei 

We have extended the calculation of the yrast spectra 

T[ + 2 

to J = 16 . In Figure IV. 4 we present the usual I-versus-co 

curves for the nuclei ^^^Mo. The following expressions 
have been used to compute the moment of inertia (I) and the 
squared angular frequency (o ) in terms of the yrast energies: 

2l/h^ = (4J-2)/(3 j-Ej_2)? = (J^-J+1)(Sj-3j_2)V(2J-1)^ 

(IV.5.1) 

The results presented in Figure IV.4 again indicate 

that wci do have good overall qualitative agreement between the 

2 

calculated and the observed variation of I as a function of w 

TT + 

for the available levels with J < 8 . The present calcu- 

lation is seen to reveal distinct backbending effect at 

'H Hh 10? 

J = 8 in the nucleus Mo. From the results presented in 

Table IV, 4 "we see that the sudden decrease of (Ej"Sj_ 2 ^ 

J = 8 owes its origin to a dramatic increase in the quadrupole 
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deformation of the intrinsic state — from <Q^>= 62.5 
at J=6 to <Qq >= 67.7 h at J=8 — along the jrast cascade. 

An examination of the subshell occupation numbers (see columns 
5-9 y Table -IV.A) calculated from the optimum intrinsic states 
associated -with the yrast levels further reveals that the 
increase in the intrinsic quadrupole moment is correlated with 
a significant depletion of the (Igg^^^Ti *^^^5/2’ ^^9/2'^v 
orbits and an enhanced occupation of the ( 2 d^^ 2 ) 7 t 
(ih, 1 / 2 orbits. It may be pointed out that an increase in 
the occupation number for from 3.36 for J^= 6"** 

to 3.97 for J = 8 is quite efficacious in enhancing the 

intrinsic quadrupole deformation since it implies an increased 
occupation of the 1 h ^^^2 +'!/2*+3/2 which are 

characterized by large values of the single- particle matrix 
element of the quadrupole operator. 

IV. 6 Conclusions 

Summarizing, the observed dramatic onset of large 
deformations around A = 100 in the Zirconium region can be 
understood in a microscopic framework in terms of the two not 
unrelated features, namely, the polarization of the conven- 
tional (2 =40, N = 56 ) core and the participation of the 
1h^^^2 icL valence space. It turns out that, whereas 

the cumulative n-p interaction does play an important role via 
the non-closure of Z = 40 proton core, the calculations do not 
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indicat;© any =3Pi(=/-i4-; 

ive inyolyement of the SOP orbits vis-a-yis 

the occurrence of laro-P 

rarge deformations for A >100. 

Tp. 1 -yrt- 

-r, the calculations presented in this Chapter 

®^SS®st strongly thp •t.-i 

^ y ne possibility of observing dramatic structural 

changes for J^> in +v,o 10Z 

n the yrast spectrum in ^o because of a 

increase m deformation due to crossing of ^^ii/2- + 1/2 +3/0 

at tta ,01^ auifaee. If drsoorei^d 

this will be the •fir'Q+ ^ • 

rst eyidence concerning a backbend in the 

lewly diocoverea Island of defor:^tion aroupi A = 100. 
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GHAEDER V 


CONGLUSIONS 


The spectra in the nuclei in the A=60-80 region 
of the Periodic Table are quite complex. Recent in-beani 
gamma-ray spectroscopy experiments have revealed multiple 
band structure in these nuclei. The complexity of the 
structure of these nuclei is related to the fact that the 
orbits spanning the underlying valence space do not exhibit 
scrong sub-shell closures between the magic numbers 28 and 
50. 

The study of the yrast levels of doubly even Go, 

Se, Kr and 3r isotopes presented in this work was motivated 
by a desire to assess the efficacy of the VAP method in the 
contexT: of a microscopic description of the high-spin yrast 
levels. The results presented in Chapters II and III indicate 
that the calculational framework employed here can be considered 
fairly reliable for interpreting and correlating the available 
data on the yrast energies as well as intercascade E2 transition 
probabilities. 

The results of the VAI^ calculations in Sr isoxopes 
should be taken cum grano sails . It will be interesting to 
examine the effects arising from onset of non-axial defor- 
mations by invoking the cranlced HPB method. 
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III Chapter IV -we studied the available yrast 
spectra in Mo isotopes in the framework of the VAP method. 

The calculations suggested strongly the heretofore unanticipated 
possibility of observing the backbending effect in the yrast 
spectrum in In this connection, it will be veiy 

inteire sting to examine in Mo isotopes the consequences of the 
realignment of a 1h^^^2 neutron pair along the rotation axis 
in the framework of the cranked HPB prescription. 



APPBiroiX A 


™ 2py^, ''§9/2^ MAIRIX 

ELEMBMES^OP THE KUO iroERAGTiOU 

We tabulate here the matrix elements V =<ab JT l 7|c d JT> 
of the Kuo interaction. The shell-model orbits are labelled by 
numbe rs : 

8 9 • 10 11 

2 P - J /2 ^%/2 ^^ 1/2 


T 

a 

b 

c 

d 

J 

V 

J 

V 

0 

8 

8 

8 

8 

1 

-0.8540 

3 

-1.2313 

0 

8 

8 

8 

9 

1 

0.0598 

3 

0.4201 

0 

8 

8 

8 

10 

1 

0.7818 



0 

8 

8 

9 

9 

1 

0.0658 

3 

-0.0996 

0 

8 

8 

9 

10 

3 

-0.1320 



0 

8 

8 

10 

10 

1 

0.0515 



0 

8 

8 

11 

11 

1 

0.4642 

3 

0.2704 

0 

8 

9 

8 

9 

1 

-2.0460 

2 

-0.9794 






4 

1 

• 

o 

00 

VJl 



0 

8 

9 

8 

10 

1 

-0.7307 

2 

-0.2676 

0 

8 

9 

9 

9 

1 

0.7305 

3 

0.4284 

0 

8 

9 

9 

10 

2 

0.7489 

3 

0.7749 

0 

8 

9 

10 

10 

1 

0.5407 



0 

8 

9 

11 

11 

1 

0.3585 

3 

0.0080 

0 

8 

10 

8 

10 

1 

-1.8867 

2 

(T^ 

— 

CM 

• 

— 

1 

0 

8 

10 

9 

9 

1 

-0,0250 



0 

8 

10 

9 

10 

2 

0.5535 





T 

a 

b 

c 

d 

J V 

J 

V 

J 

V 

0 

8 

10 

10 

10 

1 0.3185 





0 

8 

10 

11 

11 

1 -0.3006 





0 

8 

1 1 

8 

11 

3 -0.6248 

4 

-0.5251 

5 

0.0265 






6 -1.5399 





0 

8 

11 

9 

11 

3 0.6830 

4 

-0.4880 

5 

0.1660 






6 -0.6857 





0 

8 

11 

10 

11 

4 -0.7682 

5 

0.3138 



0 

9 

9 

9 

9 

1 -0.8225 

3 

-0.3281 

5 

-1.5049 

0 

9 

9 

9 

10 

3 -0.7073 





0 

9 

9 

10 

10 

1 -0.2413 





0 

9 

9 

1 1 

11 

1 -0.5589 

3 

-0.1943 

5 

-0.1327 

0 

9 

10 

9 

10 

2 -0.2495 

3 

-1.3401 



0 

9 

10 

11 

11 

3 -0.1623 





0 

9 

11 

9 

1 1 

2 -2.6003 

3 

-1.3009 

4 

-0,7192 






5 -1.0607 

6 

-0.2775 

7 

-1.7289 

0 

9 

11 

10 

11 

4 -0.6607 

5 

-0.7714 



0 

10 

10 

10 

10 

1 -0.9367 





0 

10 

10 

11 

11 

1 -0.1996 





0 

10 

1 1 

10 

11 

4 -1.0293 

5 

-0.5851 



0 

11 

11 

11 

1 1 

1 -0.0509 

3 

-0.2029 

5 

-0.1742 






7 -0.3696 

9 

-1.4859 





T 

a 

b 

c 

d 

J 

V 

J 

V 

J 

V 

1 

8 

B 

8 

8 

0 

- 0.6518 

2 

- 0.2435 



1 

8 

8 

8 

9 

2 

- 0.1621 





1 

8 

8 

t-i 

10 

2 

- 0.2601 





1 

8 


9 

9 

0 

- 1.0695 

2 

- 0.1882 



1 

8 

B 

9 

10 

2 

- 0.1122 


# 



1 

S 

8 

10 

10 

0 

- 0.8151 





1 

8 

B 

11 

1 1 

0 

- 1 .0621 

2 

- 0.3771 



1 

B 

9 

8 

9 

1 

0.3127 

2 

0.2151 

3 

0.3185 






4 

- 0.1686 





1 

8 

9 

8 

10 

1 

- 0.0566 

2 

- 0.1587 



1 

8 

9 

9 

9 

2 

- 0.1456 

4 

- 0.2365 



1 

8 

9 

9 

10 

2 

- 0.2301 

3 

0.0989 



1 

8 

9 

11 

11 

2 

0.3549 

4 

0.3686 



1 

8 

10 

8 

10 

1 

0.0573 

2 

- 0.3799 



1 

8 

10 

9 

9 

2 

- 0.3792 





1 

8 

10 

9 

10 

2 

- 0.3782 





1 

8 

10 

11 

11 

2 

0.2532 





1 

8 

11 

8 

11 

3 

- 0.5447 

4 

0.1101 

5 

- 0.0060 






6 

0.1767 





1 

8 

11 

9 

11 

3 

0.3612 

4 

0.0435 

5 

0.2148 






6 

0.0053 





1 

B 

11 

10 

11 

4 

- 0.2115 

5 

0,3110 



1 

9 

9 

9 

9 

0 

- 1.5783 

2 

- 0.1408 

4 

0.3567 

1 

9 

9 

9 

10 

2 

- 0,4941 





1 

9 

9 

10 

10 

0 

- 0.8355 







11b 


T 

a 

b 

c 

d 

J 

V 

J 

Y 

J 

Y 

1 

9 

9 

11 

11 

0 

1.9064 

2 

0.3505 

4 

0.1940 

1 

9 

10 

9 

10 

2 

-0.2321 

3 

0.5355 



1 

9 

10 

11 

11 

2 

0.4929 





1 

9 

11 

9 

11 

2 

-0.6215 

3 

-0.2006 

4 

0.0600 






5 

-0.1524 

6 

0.1745 

7 

-0.8839 

1 

9 

11 

10 

11 

4 

-0.1677 

5 

■ -0.4116 



1 

10 

10 

10 

10 

0 

-0.1462 





1 

10 

10 

11 

11 

0 

0.6687 





1 

10 

11 

10 

11 

4 

0.0467 

5 

-0.2121 



1 

11 

11 

11 

11 

0 

-1.4203 

2 

-0.7103 

4 

-0.1848 






6 

0.0072 

8 

0.1436 





